Mind the spikes:
Benign overfitting of kernels and
neural networks in fixed dimension

Moritz Haas*, David Holzmuller*, Ulrike von Luxburg, Ingo Steinwart

* denotes equal contribution.

Oberwolfach Workshop

“Overparametrization, Regularization, |dentifiability and Uncertainty in Machine Learning”



Benign Overfitting and Double Descent

Hastie, Tibshirani, Friedman. Elements of Statistical Learning:

“_.. interpolating fits... [are] unlikely to predict future data well at all.”
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Benign Overfitting and Double Descent

Hastie, Tibshirani, Friedman. Elements of Statistical Learning:

“_.. interpolating fits... [are] unlikely to predict future data well at all.”

under-parameterized

Test risk

“classical”
regime

over-parameterized

“modern”
interpolating regime

- Tralnlng risk:

- _ interpolation threshold

&
Capamty of H

Wyner et al. "Explaining the success of adaboost and random forests as interpolating classifiers." JMLR 2017.

Belkin et al. "Reconciling modern machine-learning practice and the classical bias—variance trade-off." PNAS, 2019.



Historic Note: Double Descent already in 1989

F. VALLET et al.: LINEAR AND NONLINEAR EXTENSION OF THE PSEUDO-INVERSE ETC. 319

6. Overfitting vs. «.

A very strange observation is that, in the case of PIS, the generalization rate is not a
monotonic increasing function of « (see fig. 3). This can be interpreted by the fact that the
relative number of small eigenvalues responsible for the explosion of terms in (5) first
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Fig. 8. — a) Generalization rate for ¥ =1 (continuous curve), minimum value A,;, (dashed curve) and
standard deviation (dot-dashed curve) of the normalized eigenvalues of H, vs. «. The classification to
learn is the MDP (N = 101, 46 draws). b) Generalization rate for several values of k¥ (0.5, 0.6, 0.7, 0.8,
0.9, 1), vs. a, for the MDP (N =101, 46 draws). The curves with deepening valleys correspond to
growing values of k.

Vallet, F., J-G. Cailton, and Ph Refregier. "Linear and nonlinear extension of the pseudo-inverse solution for learning boolean functions." Europhysics Letters 9.4 (1989): 315. 3



Setting: Kernel Regression

Given n labeled data points D := {(x;,y,)},_; ,C R4 x R.

Kernel &k : R? x R? - R induces RKHS .
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Setting: Kernel Regression

Given n labeled data points D := {(x;,y,)},_; ,C R4 x R.

Kernel &k : R? x R? - R induces RKHS .

(Kernel) “ridgeless” regression (1 — 0):
1 n
- 2 2
min E = f(x;))” + A
e n & (y; — f(x) “f”y/

is solved by minimum-norm interpolant (MNI)

vl = argmin ||l sty =£(x) Vi€ [n].
fex

f K := (k(x;x)) invertible, then  fpni(x) = k(x, X) K~y .

i,j=1...,n



Previous Work on Benign Overfitting with Kernels

With n — oo, can MNI generalize near optimally?

Data Distributional Generalization
Dimension assumptions
(Liang and Rakhlin, 2018)
(Liang et al., 2020) MNI can generalize
(Ghorbani et al., 2021) d — o Favorable near-optimally
(Mei and Montanari, 2022)
(Rakhlin and Zhai, 2019) ] o ]
d fixed Weak MNI is inconsistent

(Buchholz, 2022)
xl.l}fpr 0<c<Py<C<oo

y; =fF(x) + €,

f* e C2(Q) e, " N(0,6), 6 > 0




Previous Work on Benign Overfitting with Kernels

With n — oo, can MNI generalize near optimally?

Overfitting more harmful in fixed dimension d?

Is there any hope?

(Rakhlin and Zhai, 2019)
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(Rakhlin and Zhai, 2019)

“Min-norm interpolant inconsistent”
! Interp (Buchholz, 2022)
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Our contributions:
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With the right ‘spiky-sm”ooth’”erneIS/activation |
| functions we achieve rate-optimal generalization {
. Wwhile interpolating the training set! ]




Main Inconsistency 'heorem

Theorem (informal):

Assumefestimator in the RKHS fulfills:
(O) Overfitting: Exists ¢, € (0,1] :  Trainerror( f ) < (1 —cp) o’ VD.
(N) norm-bounded: Exists C > O : ||f|| <C “fMNI”-
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Then w.h.p. f Is Inconsistent, I.e.

[E(f—f*)226>0.
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Main Inconsistency 'heorem

Theorem (informal):

Assumefestimator in the RKHS fulfills:

(O) Overfitting: Exists ¢, € (0,1] :  Trainerror( f ) < (1 —cp) o’ VD.
(N) norm-bounded: Exists C > 0:  ||f]|| £ C |[fmnNill-

Then w.h.p. f Is Inconsistent, I.e.

[E(f—f*)226>0.

(O) necessary: Optimally regularized ridge regression consistent with minimax optimal rates
(N) necessary: next slide

Other generalizations: more kernels Var(y|x) > o for all x supp(Q) C S¢
ReLU NTK RKHS (Chen and Xu, 2021)
equivalent to H > (S9). (Bietti and Bach, 2021)

Corollary: Under assumptions as above,
overfitting with (deep) ReLU NTKs/NNGPs is inconsistent.
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Spiky-smooth kernel sequences
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Linear regression in high dimension: MNI = Smooth + spiky
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Spiky-smooth kernel sequences

N

Linear regression in high dimension:
(Bartlett et al., 2021)

Typical distance between training points: n=14,
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Translation to neural networks:
Add tiny fluctuations to the activation function

In kernel regime, deep equals shallow === focus on 2 layer NNs (Bietti and Bach, 2021)

Rotation-invariant kernels on S¢ <€ Activation function of NN in NTK regime

© = [ b
K(x) = Z bx' 4¢P oyx)= Z i\ 7o h(x), (Simon etal., 2022)
=0

i=0

where s; € {—1, + 1} and &, Hermite polynomials.
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In kernel regime, deep equals shallow === focus on 2 layer NNs (Bietti and Bach, 2021)

Rotation-invariant kernels on S¢ <€ Activation function of NN in NTK regime

© o b
Kk(x) = Z bx 4P oy = Z i\ 7 h(x), (Simon et al., 2022)
=0 =0

where s; € {—1, + 1} and &, Hermite polynomials.

Add Gaussian kernel as spike &, <4 Add a)]f,;{‘fl’“é“ to activation function
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Training Finite Neural Networks
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Bonus: Disentangling signal
from spike component

O-SpSm(x) — RELU(X) + P a)NTK(x) » fspsm(X; 9) =fReLU(X; 9) T <fa)NTK(X; 9) _ bL)
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Conclusions

Kernel learning
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Common estimators will overfit harmfully in fixed dimension,

But spiky-smooth estimators and activation functions can generalize as well as

optimal regularization
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Common estimators will overfit harmfully in fixed dimension,

But spiky-smooth estimators and activation functions can generalize as well as

optimal regularization

> Here, overfitting neither intrinsically helpful nor harmful with
the right choice of estimator/kernel/activation function

How can we adapt feature learning neural networks to
overfit benignly in realistic settings arbitrary dimensions?
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Spiky-smooth NNGP
Activation Functions

Rotation-invariant kernels on S¢ €9 Activation function of NN in NTK regime
K(x) = 2 b.x' <= OnnGp(X) = Z S, \/Fl h(x), (Daniely etal., 2016)
=0 i=0

where s; € {—1, + 1} and A, Hermite polynomials.
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Spiky-Smooth NTK
Activation Functions

In kernel regime, deep equals shallow —> focus on 2 layers

Rotation-invariant kernels on S¢ <€ Activation function of NN in NTK regime
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Constructive and
destructive interference?

Functions learned by 12 random hidden layer neurons of the spike component network:
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Spiky-smooth NNGP
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Spiky NNGP activation
functions
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Spiky-smooth NTK
activation functions
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Spiky NTK activation
functions
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* Benign overfitting mostly studied in high-dimensional limits, but what about fixed dimension d?

* (Rakhlin and Zhai, 2019) and (Buchholz, 2022).

Theorem (Buchholz, 2022):

x —
Let k be a translation-inv. kernel ky(x, y) = y_dk ( y> whose Fourier transform is given by
Y
A d 3d /O
k& = 1+ [EP)™ forsome se (5.2]. then 11, = | e = 171

Let Q C R be a bounded open Lipschitz domain, supp(PX) =Q, 0<c<P*<C< .
The training data {(x;, y;), ..., (x,,y,)} consists of iid points x; ~ P*,
y, =f*(x) + ¢, where g; ~ N(0,6?) iid and f* € CX(CNO}.
Then, with prob. 1 — O(1/n), the min-norm. interpolant §D,}, is inconsistent,

2
E._ox <§D,y(x) - ) 2 e >0,
where c is independent of nand y € (0,1).




Main Inconsistency Theorem

Let k be a kernel with RKHS equivalent to Sobolev space H*(£2), s (g%) ,
Assume f, estimator in the RKHS fulfills:

(O) Overfitting: Exists ¢, € (0,1] Trainerror(f) < (1 — Cpir) o for all training sets D.
(N) norm-bounded: Exists C > 0 : ||fD||HS <C ||f0||Hs

Then, under our distrib. assump., w.h.p. 1-O(1/n) over draw of D, fD IS inconsistent,

[ExNPX<fD(X) —f*(x))z >c>0.

(O) necessary: Optimally regularised ridge regression consistent with minimax optimal rates
(N) necessary: next slide

Other generalizations: |s > d/2| |Var(y|x) > o2 for all x, supp(Q) C S¢
ReLU NTK RKHS (Chen and Xu, 2021)
equivalent to H“7(S9). (Bietti and Bach, 2021)

Corollary: Under assumptions as above,
overfitting with (deep) ReLU NTKs/NNGPs is inconsistent.




Neural Tangent Kernels

* First-order Taylor expansion of NNs:

£ = £, + (Vg £3,00, 6 — 6y + 01|16 — 6,]1)

e Can show that gradient flow 8, = — VL(6),) is equivalent to
gradient flow with empirical/finite-width NTK

k(6 X)) = (Vo £y (0, Vo £ ()

e k, is random (due to random initialization) and time-
dependent

e In the infinite-width limit: k, = k, deterministic
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Explanation: Laziness at
Infinite Width

Neural network with activation function ¢ at layer h:
C
Preactivations fP(x) = WWeg=D(x) € R%, oW (x) = d—d)qb (f(h)(x)) e R%
h

Initialise W i N(0,1)— Conditioned on f (h_l), f(h) is a centred Gaussian process.
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Explanation: Laziness at
Infinite Width

Neural network with activation function ¢ at layer h:

C
Preactivations fP(x) = WWeg=D(x) € R%, oW (x) = d—d)qb (f(h)(x)) e R%
h

Initialise W i N(0,1)— Conditioned on f (h_l), f(h) is a centred Gaussian process.

» At infinite width becomes deterministic limit with recursive definition:

YO, x) = xTx/ 20 (x, x') = ¢ E P)p(v),
(u,v)~N(0,2"~V(x, x))
_ T=Dix, x) =Py, x7)
Wh inal distribution of (x,x’) at layer h: 2""~D(x, x) :=
ere marginal distribution of (x,x’) at layer (x,x") SN vy S

Lee et al. (2019): k" (x,x") = TP (x, x") + k"~ D(x, x7) - E O’ W)P'(v) .
NTK NTK (u)~N(0,24D(x, x'))



